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ONE-LOOP EFFECTIVE ACTION IN OPEN-STRING THEORY
C. FABRE
Centre de Physique The´orique, Ecole Polytechnique, 91128 Palaiseau, FRANCE
This is a summary of the analysis of the one-loop effective action in Z2-orbifold compactifications of type-I theory
presented in references [1,2]. We show how, for non-abelian group factors, the threshold effects are ultraviolet
finite though given entirely by a six-dimensional field theory expression. We also discuss implications for the
equivalence between Type-I and Heterotic four dimensional N = 2 superstring theories.
1 Motivations
1.1 Gauge Couplings Unification in open-string
theory
Assuming the Minimal Supersymmetric Stan-
dard Model spectrum at low energy, and us-
ing the renormalization group equations, the ex-
trapolation of low-energy values of gauge cou-
pling constants predicts unification at the scale
MU ≃ 2.1016 GeV . In string theory, unification
with gravity implies an additional tree-level rela-
tion at the string scale Mstring, between αU - the
fine structure constant at unification - and GN ,
the Newton constant. Since we know the values
of αU and GN this relation can be turned into a
prediction for Mstring.
In heterotic string theory, a single closed-
string diagram - the sphere - is responsible for αU
and GN at tree-level. Then, in the previous unifi-
cation relation one can eliminate the dependence
both on the dilaton and on the compactification
volume, and one obtain a model independent pre-
diction for Mstring ≃ 5.1017 GeV which is bigger
than MU by a factor 20.
3
In open-string theory GN is given at tree-level
by a closed-string diagram while αU is given by
an open-string one - the disk , so that the string
unification scale depends on the compactification
volume. Though it is less predictive than the het-
erotic theory, it seems easier to realize tree-level
unification in open-string theory by adjusting the
compactification volume. The next step is to com-
pute the string threshold corrections.
1.2 Heterotic/Type-I duality
There has been some very convincing evidence
accumulated so far for the equivalence of theo-
ries which were believed in the past to describe
truly different types of superstrings. Type I, Type
II and Heterotic theories seem merely to provide
complementary descriptions of a more complicated
theory of fundamental interactions, and the larger
framework of superstring dualities now includes
also M-theory and F-theory descriptions.
Among the four-dimensional models, the most
familiar examples of dual pairs are based on Type
II and Heterotic constructions. Type I theory
remained a wild card in duality conjectures un-
til quite recently Polchinski and Witten presented
several arguments for the equivalence of Type I
and Heterotic theories in ten dimensions 5. Al-
though in D = 10 this is a strong-weak coupling
duality, it turns out that upon appropriate com-
pactification on K3 × T 2, one obtains four di-
mensional N = 2 supersymmetric dual pairs with
the Heterotic gauge coupling mapped to a Type I
gauge coupling in a way that some weakly cou-
pled regions overlap on both sides. One can check
their equivalence in the quantitative comparisons
of their low-energy effective actions.
2 One-loop threshold computation
2.1 The open-string model
In reference [1] we have studied the one-loop La-
grangian for slowly-varying gauge-field strengths
in some Z2-orbifold models first constructed by
Bianchi and Sagnotti 7, and analyzed in detail re-
cently by Gimon and Polchinski 8. These models
have N=1 supersymmetry in six dimensions, and a
maximal gauge group G = U(16) × U˜(16), which
can be broken by both discrete and continuous
(antisymmetric) moduli. Upon toroidal compact-
ification to four dimensions, one finds N=2 super-
symmetries and extra (adjoint) Wilson-line mod-
uli. The type-I theory on R6 × T 4/Z2 contains
untwisted and twisted closed strings, as well as
1
open strings of three different types: those with
freely moving endpoints (NN), those whose end-
points are stuck on some 5-branes transverse to
the orbifold (DD), and those with one endpoint
stuck and one moving freely (DN). Consistency
fixes both the number of 9-branes and the number
of 5-branes to be 32. It also fixes the action of the
orientation reversal (Ω) and orbifold-twist (R) on
the open-string end-point states.
The massless spectrum of this theory in six
dimensions has:
(i) the N=1 supergravity, one tensor and four
gauge-singlet hypermultiplets from the untwisted
closed-string sector,
(ii) sixteen gauge-singlet hypermultiplets, one
from each fixed-point of the orbifold, in the twisted
closed-string sector
(iii) U(16) vector multiplets and two hyper-
multiplets in the antisymmetric 120 representation
from the NN sector,
(iv) identical content, i.e. an extra U˜(16)
gauge group and two antisymmetric hypermulti-
plets, from the DD sector, and
(v) one hypermulitiplet transforming in the
representation (16, 16) of the full gauge group and
coming from the DN sector.
Notice that each twisted-sector hypermulti-
plet contains a RR 4-form field C(I) localized at
the Ith fixed point of the orbifold, which plays a
special role in what follows. We will furthermore
choose to work on R4 × T 2 × T 4/Z2, so that we
may break the gauge group by Wilson-line moduli
in four dimensions.
2.2 Method and results
In calculating the effective gauge-field action we
have followed reference 10, where a similar calcula-
tion was carried out for toroidal compactifications
of the type-I SO(32) superstring. In order to de-
termine the threshold effects at one-loop compute
the free energy in the presence of a magnetic back-
ground B and then extract the coefficient of B2 in
the weak-field limit. This model has a T-duality,
which interchanges NN and DD sectors and hence
also the two U(16) gauge groups. Without losing
generality, we may thus restrict ourselves to back-
ground fields arising from the NN sector.
The one-loop free energy is the sum of contri-
butions from the various sectors :
Forbifold = Fclosed + FNN + FND + FDD
Since only Neumann endpoints couple to the back-
ground field, we can ignore Fclosed and FDD which
vanish by space-time supersymmetry. In the re-
maining terms one find contributions of the an-
nulus, and the Mo¨bius strip. Using the Jacobi
identity, one finds that all these amplitudes ex-
panded to quadratic order in the magnetic field
collapse to contributions of six-dimensional mass-
less states. This is to be expected: indeed, only
BPS states can contribute to threshold effects,
and the only BPS states of the open string are
the massless (before Higgsing) modes of the six-
dimensional model. A similar result is well known
in the heterotic string11 where, however, the spec-
trum of BPS states includes infinite string excita-
tions with no simple field-theoretic description.
The final result for the full free energy, includ-
ing classical and one-loop contributions is a sum
over annulus and Mo¨bius contributions :
F(B)/V (4) = B
2
2g2(4)
+
B2
8π2
∫
∞
0
dt
t
×
×
[
−
∑
ij
sij(qi + qj)
2
∑
ai+aj+∗Γ2
1
4
e−pitp
2/2 +
∑
i
q2i
( ∑
ai+∗Γ2
4e−pitp
2/2−
∑
2ai+∗Γ2
e−pitp
2/2
)]
+o(B4)
where the SU(16) generators are normalized to
tr16Q
2 = 12 , ai the Wilson-line moduli, and we
recall that the Chan-Patton charges qi run over
both the 16 and the 16 representations separately.
The orbifold-twist operator acts as a simple sign,
sij = −1 or + 1 ,
according to whether the end-point states |i > and
|j > belong to the same or to conjugates represen-
tations.
As a check let us extract the leading infrared
divergence of the coupling-constant renormaliza-
tion in the limit of vanishing Wilson lines. Cutting
off t < 1/µ2 one finds after some straightforward
algebra
4π2
g2(4)
∣∣∣∣∣
1−loop
=
4π2
g2(4)
∣∣∣∣∣
tree
− 6 logµ+ IR finite
in agreement with the correct β-function coeffi-
cient of the N=2 theory in four dimensions,
Cadj − 2C120 − 16Cfund = −6 .
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2.3 What about ultraviolet behaviour ?
Considered as an expression of field theory, the
threshold effects would be quadratically divergent
in the ultraviolet limit. How then is the string
result finite ?
In heterotic string theory ultraviolet finiteness
at one loop follows from the restriction of the in-
tegration over all world-sheet tori to a single fun-
damental domain -thanks to modular invariance.
This presupposes conformal invariance, or equiva-
lently the absence of classical tadpoles. In open-
string theory we do not have modular invariance
any more but we learn from references [12] that
the ultraviolet divergences come from tadpoles of
the massless closed string states sandwitched with
an on-shell propagator.
Compared with the toroidal case, the orbifold
model has only one additional piece of potential
ultraviolet divergence. It comes from the twisted
RR 4-forms, which couple to the background field
through the generalized Green-Schwarz interac-
tion 13
(2π)−5/2
∑
I
∫
d6x
1
4! 2
ǫµνρσκτC(I)µνρσtrFκτ
for canonically-normalized 4-forms. The coupling
gives mass to the U(1) (abelian) gauge field, ren-
dering a background inconsistent. For non-abelian
background fields, on the other hand, the struc-
ture of ultraviolet divergences is identical to that
of the toroidal model. Furthermore since in the
toroidal theory the gauge coupling is not renor-
malized, we may conclude that in the orbifold the
renormalization is ultraviolet finite.
The first physical divergence appears at order
o(B4) and comes form tadpoles of order o(B2) of
the graviton and the dilaton. It can be used to de-
rive the relation between gauge and gravitational
couplings : taking into account the halving of the
volume, we may see that, with SO(32) normaliza-
tions for the generators of U(16), the relation be-
tween gauge and gravitational couplings remains
the same in the orbifold model as in the toroidal
one.
One may be puzzled by the fact that our final
result for the free energy is formally identical to
that of Kaluza-Klein theory compactified from six
to four dimensions, and yet is ultraviolet finite.
If we were to impose a uniform ultraviolet mo-
mentum cutoff, t > 1/Λ2, the result would indeed
be quadratically divergent. The cutoff dictated by
string theory is, however, much smarter ! It is uni-
form in transverse time l. The relation between l
and the proper time in the direct channel is differ-
ent for each surface
l =


1/t annulus ;
1/4t Mo¨bius ;
1/4t Klein bottle .
so that if we cutoff the annulus at t = 1/Λ2, we
must cutoff the Mo¨bius strip at t = 1/4Λ2. The
ultraviolet divergence vanishes as we sum over the
annulus and the Mo¨bius contributions in the free
energy.
Our calculation illustrates in a very simple
context the way in which open-string theory pro-
duces finite answers: in the case at hand it is sim-
ply field theory but with a very smart cutoff on
the momenta.
3 Heterotic - Type I duality
These results have non-trivial implications, both
in the context of heterotic-type-I duality 2, and
for the study of moduli spaces of D-branes 14. In
this latter context in particular they imply that
the metric in the moduli space of N=2 configura-
tions of D-branes is given entirely by simple and
massless closed-string exchange.
We now give one specific model which has
simultaneous Type I, Heterotic and type II de-
scriptions. On the type I side it originates from
a six-dimensional model with one tensor multiplet
and a completely broken gauge group. This model
can be obtained from the class of orientifold con-
structions that is presented in section (2.1). Upon
toroidal compactification to D = 4 one finds the
3 universal vector multiplets S, S′ and U . A
Heterotic-Type II dual pair with the same mass-
less spectrum has been considered before in refs.[9]
- the so called S − T − U model.
Thanks to N = 2 supersymmetry, the low-
energy effective actions are entirely given by the
respective prepotentials, which are well known for
the Heterotic-Type II dual pair. For the Type I
construction the tree-level prepotential is
F (0) = SS′U − 12
∑
i(SA
2
i + S
′A
′2
i )
where ~A and ~A′ refer to the open-string gauge mul-
tiplets from NN and DD sectors respectively, S
3
and S′ are the couplings to this two kind of gauge
field and U is the usual complex modulus which
determines the complex structure of the torus.
The complex scalars S, S′ and U belong to vector
multiplets, and parametrize a [SU(1, 1)]3 manifold
in the abscence of open-string vector multiplets.
We can deduce from Type I-Heterotic duality in
D = 10 the corresponding duality in four dimen-
sions:
SI = SH S
′
I = TH UI = UH
Here, SH is the heterotic dilaton and TH is the
usual Ka¨hler structure modulus of the torus.
The type-I theory exhibits two continuous
Peccei-Quinn symmetries associated to S and S′
which dictate the following form of Type I prepo-
tential:
F (S, S′, U,A) = F (0)+fI(U,A)+
non-perturbative
corrections
where fI(U,A) is the one-loop correction. Type-I
non-perturbative terms are suppressed in the re-
gion we consider.
In order to determine perturbative corrections
to the prepotential, one could in principle follow
the method applied on the Heterotic side, by ex-
tracting the one-loop Ka¨hler potential K(1) from
the universal part of threshold corrections to gauge
couplings ∆ 6. But unlike the Heterotic case, in
Type I theory there are also one-loop corrections
to the Planck mass δ so that the one-loop Ka¨hler
potential K(1) is given by :
∂U∂U¯∆+
1
2S′2
√
G ∂U∂U¯δ = −
b
(U − U¯)2 +K
(1)
UU¯
where b is the one-loop beta function coefficient.
Threshold computation has been presented in sec-
tion (2). The one-loop correction to Planck mass
can be calculated in a similar way 2, and is related
to an index of the Ramond open-string sector.
As expected from the superstring triality con-
jecture, we have shown 2 that all three prepoten-
tials agree in the appropriate limits :
Im(S) > Im(S′)→∞
in the open-string case and the corresponding re-
gion :
Im(S) > Im(T )→∞
in the Heterotic one.
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